Abstract. We study a mathematical model of an insurance company that shares its capital by investing it in both stocks and bonds. The basic tool to describe the evolution of the stock price is the Ornstein-Uhlenbeck process. We construct an estimate for the ruin probability of an insurance company as a function of the initial capital. The distribution of the capital between stocks and bonds is found for which this estimate is minimal.
Introduction
We study a mathematical model of an insurance company that invests a part of its capital in stocks and the rest in bonds. The basic tool to describe the evolution of the stock price is the Ornstein-Uhlenbeck process (it is shown in [1] that this is an arbitragefree model). We assume that a constant fraction of the capital is invested in stocks; this constant is chosen to minimize the probability of ruin of the insurance company over a certain time interval. It is well known that if an insurance company does not deal in a BS-market, then the Lundberg estimate holds for the probability of ruin of the company over an infinite time interval; namely,
where R > 0 is a nonzero solution of the equation λ e xy dF (y) = cx+λ. Some questions related to the probability of ruin of an insurance company dealing in a BS-market are studied by A. Melnikov for the cases where the evolution of a risky asset is described by classical models. Melnikov [10] studies the probability of ruin of an insurance company for two cases, namely if either (1) the company invests the capital to bonds only, or (2) its investment is a mixture. The evolution of the stock price is described by the Wiener process in [10] ; that is, the Samuelson model is treated in [10] .
The following results are obtained in the present paper. We construct an estimate for the ruin probability of an insurance company as a function of its initial capital and find a constant distribution of the capital between investments in stocks and in bonds for which the estimate is minimal.
Some remarks concerning the model
An investor purchasing both risky and nonrisky assets is said to deal in a BS-market. An insurance company is treated as an investor in this paper. In what follows we assume that the law of the evolution of a bank account process B t is given by (1) dB t = rB t dt where B 0 is the initial capital invested in bonds. We consider the model
to describe the evolution of the stock price (see [1] ) where η t , t ≥ 0, is the OrnsteinUhlenbeck process; that is,
is widely used [2, 3] for this purpose. Nevertheless we propose a different model that eliminates some of disadvantages of the Samuelson model. Below we mention a few of them. First, the price S t of a risky asset in the Samuelson model is represented as a solution of the stochastic differential equation
and thus the local return at the moment t, t ∈ [0; T ], is such that
We see that the local return contains two terms being of different nature, namely µ∆t is nonrandom, while σ[W t+∆t − W t ] are independent random variables. The assumption that the changes in the price are independent is not realistic from the point of view of practice. Our idea is to substitute the Ornstein-Uhlenbeck process instead of the Wiener process W t in the model (4). Second, it follows from (5) that the total return of a stock over an interval [0; T ] is
This means that the variance of the return coefficient of a stock over an interval [0; t] increases with t. On the other hand, this phenomena is not detected by statistical analysis of several types of stocks. Moreover one can observe an irregular behavior of the square deviation of the return. Using (2) and (3) we get
whence the return coefficient is given by
while its mean value is
Thus the variance of the return is equal to
that is, the variance of the return approaches σ 2 /2γ and does not increase with t. It is proved in [1] that (2) is an arbitrage-free model and thus it can be used to describe the evolution of the price of a risky asset.
Balance equations. The setting of the problem
The following problem is considered in this paper. An insurance company, as an investor, divides the capital in a certain proportion. A fraction 0 ≤ u ≤ 1 of the capital is used to purchase stocks, while the rest 0 ≤ 1 − u ≤ 1 is used to purchase bonds. The corresponding amounts of the capital are uξ t and (1 − u)ξ t , respectively. If the price of one share of the stock at the moment t is S t , then the insurance company purchases uξ t /S t shares for uξ t dollars, while the rest of the capital (1 − u)ξ t is used to purchase bonds. At the moment t + ∆t, a share of the stock will cost
according to model (2), while any bond will cost
The wealth of the company at the moment t + ∆t consists of two parts, namely of
due to the investment in stocks and of
due to the investment in bonds. We assume in what follows that the premium rate of the insurance company is constant and equals c > 0. The accumulated claim process in the interval (t, t + ∆t) is modelled by a compound Poisson process ς t and is given by
where Z t is a standard Poisson process with parameter λ > 0, and the claim sizes ς k are nonnegative identically distributed random variables that do not depend on Z t . It is well known (see, for example, [4, 5] ) that the random variable where ν(A, t) is a Poisson measure such that
In what follows we assume that the measure ν(A, t) and Wiener process W t are independent and either c ≥ aλ or c > aλ. We have
in view of equalities (12)- (15) where
Using (17) we obtain the balance equation for the model (2):
We seek a number 0 ≤ u ≤ 1 such that the estimate of the ruin probability for an insurance company over the interval [0, +∞) is minimal. The estimate should approach zero as ξ 0 → +∞ (the zero load c − aλ ≥ 0 is also possible).
Solution of the balance equation
Consider the process (see [6] ) 
Moment inequalities for the stochastic integral over a Poisson measure
The following result is well known [7] : if ν is the jump measure of a process, π is its compensator, µ = ν − π, and |ϕ| ≤ C < +∞, then
and all p ≥ 3 where
The condition |ϕ| ≤ C < +∞ does not hold in a number of cases; however, the moments of order m of characteristic (24) are bounded for some integer m > 0. Let
Here ν(A, t) is a Poisson measure with mean λt A dF (x) and ξ 0 t is defined by relation (19).
Applying the generalized Itô formula [6] we get (26) 
Relation (26) implies that
Now we find 0 <ū ≤ 1 minimizing the right hand side of (27). It is easy to see that
Thus the right hand side of (27) attains its minimum at the point
We takeū = u * if u * < 1. In this case, the minimum of the right hand side of (27) is
If u * ≥ 1, then µ − r ≥ σ 2 (1 + 2m) and we get
Thus the right hand side of (27) attains the minimum atū = 1, which corresponds to the investment of the whole capital to risky assets. Note that the minimum does not exceed the bound
The latter relation together with (29) implies the bound
It follows from (26) that
.
Then relation (30) implies
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we derive from (31) that (32)
If x > 0, we deduce from (32) that
Consider the graphs of the functions y = x and y = b .
Theorem 1 is proved.

Remark. It is easy to see that
6. Inequalities for the ruin probability of an insurance company over the time interval [0, +∞)
We distinguish between the three cases:ū = 0,ū = u * , andū = 1 that correspond to different investment strategies.
We follow the idea of [9] . Letū = 0. This means that the entire capital is invested in bonds. Assume that c − aλ > 0. We have
where z > 0 and ξ 0 s > 0. We also consider the function
for β ≥ 0. It is easy to see that ϕ(0) = 0. Since
we have ϕ (0) = −(c − aλ) < 0. This means that the function ϕ(β) starts from zero and decreases (in particular, ϕ is negative for some period of time). It is also obvious that the derivative
is positive after some β > 0. Thus the function ϕ(β) has a root R different of 0; that is,
The latter inequality follows from the Kolmogorov inequality, since the stochastic process
is a martingale. Ifū = u * orū = 1 in the case of c ≥ aλ, then
since the Wiener process W t and Poisson measure ν(A, t) are independent. Taking (25) into account we obtain
σ 2 (1+2m) ≥ 1. Passing to the limit as T → +∞ we derive from (41) that
(see [8] ), while (42) implies that
Thus we have proved the following result. 
where R > 0 satisfies the equation
, that is, the entire capital is invested in stocks andū = 1, then the ruin probability admits the following estimate:
and the fractionū · 100% of the initial capital is invested in the risky asset and the rest of the capital is used to purchase bonds, then the ruin probability can be estimated as follows: 
Concluding remarks
It is well known that if an insurance company invests all the capital in bonds, then the Lundberg bound holds for the ruin probability over an infinite interval:
where R > 0 is a nonzero solution of the equation λ e xy dF (y) = cx + λ. Some similar problems are considered in [10] for an insurance company dealing in a BS-market for the case where the evolution of the price of a risky asset is described by the classical models. The Wiener process is the basic tool used in [10] to describe the dynamics of the price of a risky asset; that is, the Samuelson model is studied in [10] . The probability of ruin of an insurance company is considered in the paper [10] for the case where either the entire capital is invested in bonds or the capital is divided for mixing investments. It is shown in [9] that if the capital is invested in bonds, then the Lundberg bound (49) holds. In the general case as well as in the case of the Samuelson model, inequality (49) is not yet proved.
The case considered in this paper is of a more complicated nature, since the underlying stochastic process describing the evolution of the capital of a company is more complicated.
One of the important problems for the above model is the estimation of the probability of ruin of an insurance company for which the constant c > 0 is equal to aλ = λ E ς k , which corresponds to the zero load. If u = µ − r σ 2 (1 + 2m) < 1, m= 0, 1, . . . , that is, the fraction µ−r σ 2 (1+2m) · 100% of the capital is invested in the risky asset and the rest is invested in bonds, then
